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Summary 

A direct calculation is made of the two dimensional magnetic 

field from a conductor of wedge shaped cross section carrying a 

uniform current distribution. For sufficiently small conductors 

the wedge shape simulates the keystoned conductor used in doubler 

type magnets. Field distributions are presented for the dual test 

dipoles, the doubler dipole, and the muon beam line dipole. A 

similar calculation representing the contribution of the magnet 

ends to the longitudinally integrated fields is also,given for 

the same magnets. 

Magnetic Field of Single Conductor in Doubler Geometry 

Using complex notation the dipole magnetic field (H =! Hx t iHg) 

for variable current density conductors and images is given 

by 
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where z. = roe i0 and integration is required only over the con- 

ductor located in the first quadrant. See. Fig, 1 for geometrical 

details. 



If J is either constant as in the two-dimensional case or 

a function only of O. as is convenient and reasonably realistic in 

the case of the end contributions which will be treated later, it 

is possible to integrate over the radial extent of the conductor. 

Individual integrals become 
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The resultant field from one conductor suitably located in 

each quadrant to give a dipole field is 
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Since i occurs in the denominator of the S-expressions one must 

evaluate these carefully for z = o. Thus 
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For the case of constant current density it would be possible to 

carry out the 8, -integration analytically. However, this is not 

done since a numerical integration technique must be developed for 

(12) 

the variable case. Thus Eq. (10) is the final result for a single 
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conductor in the first quadrant. Summation of similar 

results for other conductors located in the first quadrant 

gives the general result. 

Longitudinally Integrated Magnetic Field 

If a current distribution is localized in space and w is an 

axial coordinate orthogonal to the transverse coordinates x and y, 

Lambertson and others1 have shown that by integrating the field 

equations along the w-axis from -03 to 4-w 
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These equations may be put into the complex notation for ease of 

calculation by defining 

and 
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or, in integral form for the dipole symmetry considered here 

(z is outside the current) 
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By comparing this with Eq. (5) one sees that the longitudinally 

integrated fields are distributed in the transverse coordinates 

as in a two-dimensional problem. The integrated fields replace 

the actual field and the integrated current density replaces the 

normal current density. 

Magnet End Development 

The conductor placement at the ends of the magnet is con- 

sidered to be developed 3 from a flat curve in which connection 

between the two parallel sides is made by means of a semicircular 

arc. The details of the develpped surface are presented in Fig. 2a. 

After the layer of conductors has been unwrapped, the parallel 

sides are described by 

a= $(Rl+R2) (2 - O. 1, 

S = $(R~+R~)($ - e) 

(20) 

(21) 

(22) b = $(Rl+R2)($ - 6,). 
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By assumption the unwrapped lager has a round end (Fig. 2b). 

Hence the current density in the axial direction is 

JW 
= Jo cos$ = Jo . 

Integrating this axially gives 
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Note further, that any transverse straight section in the 

s-direction may be added without affecting Eq. (27) other 

through the choice of origin of s. 

. 
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Application 

Many factors are involved in arriving at a suitable 

disposition of conductors. In general one desires the in- 

tegrated fields to be as uniform as possible with a tolerance 

level in AB/B definitely below 0.1% in the useful aperture. 

The total amount of superconductor used to achieve the desired 

central field must be kept to a minimum. This is accomplished 

in these designs by using two different sizes of superconductor, 

the large cross section being used in the highest field regions 

and the smaller cross section in the lower field regions. The 

criterion for the wire choice in each region is that some 

fraction of the critical current density must not be exceeded. 

Another general consideration in line with the critical current 

requirement stems from noting that the magnetic field at the 

conductors in the end region tends to be higher than the central 

field. This can be modified by choosing different axial lengths 

for each layer, by terminating the iron shielding short of the 

ends, and by "dogboning" the turns with the highest curvature. 

There is no,general method o.f optimizing the quality of the 

integrated field that incorporates all of these considerations. 

Ve chose to proceed as follows. 4 Technical Services , using a 

multipole expansion equivalent of the two-dimensional calculation 

reported here carried out the initial exploration of conductor 

locations in the body of the magnet andpjroduced high field 

quality choices consistent with allowing fluid passages and a 

return bus conductor. These conductor locations were then in- 

serted into LINDA, a magnetostatic iterative program, to determine 

the dividing line between the use of the two conductor types. 
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Technical Services again produced a high quality field utilizing 

the restriction introduced by LINDA. Practical magnet ends 

were then developed by Technical Services and modified after 

LINDA runs of the end configurations suggested a reasonable 

iron termination that would give no field rise over the central 

field. The net configuration was examined for field quality 

of the integrated fields. The difference between this quality 

and the previous high quality two dimensional adjustments were 

then used by Technical Services to obtain a field variation 

that could just be compensated by the application of magnet 

ends. This final configuration was tested by obtaining the 

integrated fields. All the results presented here follow from 

the above mentioned procedure. 

Results 

Computer output records all the necessary input and giving 

median plane variation of the coil contribution,.image or iron 

contribution, and resulting field. Two cases are considered 

for the doubler, Mark I and Mark II. For each case the dis- 

tribution of the median plane field within the magnet body 

(Calculational Mode = 0) and the distribution of the median 

plane integrated field (Calculated Mode = 1) is given, The 

results for Mark II are definitely superior to those of Mark I 

and it is expected that further fine adjustments will provide 

even higher quality fields. 

Similar results are given for the Mark I version of the 

large aperture muon beam line dipole. 
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Figure 1. Legend 

0 = Center 

F = Right Hand Origin 

F' = Left Hand Origin 

5 = Image Position of z. 

R1 = Inner Radius of Wedge Conductor (F-R1) 

R2 = Outer Radius of Wedge Conductor (F-R2) 

Ri = Inner Radius of Iron (O-P) 

d = Offset (Ft-0 or O-F) 
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Bigure 2a. Unwrappk& of Conductor (See Legend) 

Figure 2b. Plan View of Unwrapped Conductor 
(See Legend) 
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Bigure 2a. Unwrapping of Conductor (See Legend) 

Figure 2b. Plan View of Unwrapped Conductor 
(See Legend) 



OIRrCT INTEGRATION OF SHFLL MOOEL DDUBLEQ ~IAGNET Mark I 
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OIYECT INTEGRATION OF SHELL HODEL OOUSLEH PAGNET Mark 11 
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OIRECT INTEGRATION OF SHELL MOOEL OOUBLER MAGNET Mark XI 

CALCULATIONAL MODE = 1 NU’IRER OF LAYER.S = 0 
CONOUCT’JR CUPQENT (A) = 2015. aaaa REFERENCE RADIUS (fbi I = l .aaaa INNER IPON RADIUSfIN) ‘= 3.0625 
SI’fPSONS RULE INTERVAL (OEG)‘= 1. au00 WQIZ!3NTAL INCREMENT lTNI = . laaa HORIZONTAL OFFSETfIN) = -3750 
FLAT BEND CENTERfIN) 0. aaaa INSULATION THICYNESS(IN) =  .nal5 

LAYER TURNS 

1 16.aaao 267.4469 
2  3. ooao  267.4161 
3  1.0000 267.5583 
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-ZOJ9.Y9497 
-2040.36513 
-2342.?2364 
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-2058.55668 
-PO62.i4763 
-2OG7.13141 
-2572.53868 
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(INI 

LENGTH 
(IN) 

1.0326 239.5460 
1. C376 239.5460 
l.i/466 239.5460 
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1.2512 241.1230 
1.4135 240.8060 
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BN 
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DIiECT INTEGZATTDN OF SlitILL HOOIL ‘IUON flAG\IET HARK I 

CALCULATIONAL MODE = 1 N’J’IIJER OF LAYERS = 5 
CDNOUCTOR CUWENTiA) = z3ao. 003 0 RSFEKENCF 4A!lDJStINb = 2.25co INNER TiON ZADIUS(IN) 
SIMPSONS ?ULE INTERVALtIES)= 1.ouao H3tTZONTAL INCREMfNT(iY1 = . tauo 
FLAT 8END GEVTERCIN) 

HORIZONTAL OFFSET(INJ 
= 0.0000 IVSULATION THICKNESS (I’d) = .0015 

LAYER TURN=, GUiOEN THk:rA s 
IKA/IN/IY) (OEG) 

THETA- SPACFR RINNF’2 ?OUTiR LEYGTH 
(3EGl (IN) tINI (IVJ (INI 
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3 5O.OOU'J 342.55?0 .0573 
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-T7ts?.C6974 
-3747.24747 
-J7Sh.W102 
-3786.16818 
-37R3,ti999~9 
-.17n'+.:t344H 
-3783.78719 
-378'.43n99 
-3781.175'5Y 
-'I77')..rc)567 
-3777.46742 
-3775.?6441 
-3772.74105 
-376'4.:\3169 
-3765.44569 
-376?.4626il 
-3751.72753 
-3/5?. :4th.a7 
-3745.18352 
-3736.95353 
-3776.71297 
-3714.,<4183 
-3j99.19570 
-36811.47266 
-3656.i5032 
-3627.55117 
-2373.15129 

-12')il:J9459 
-129o.ic313 
-12-IU.IHA75 
-1291.:13153 
-12'11.37149 
-12;)1'.\33HbY 
-1292.l4324 
-1'92.37528 
-3293.75402 
-1294.53232 
-1295.45764 
-12'36.4RllB 
-12'37.iCTfJ4 
-1L98.12350 
-15c0.14291 
-lSZl.Gbl?5 
-ijli3.J7910 
-13U4.596ElA 
-1~06.41430 
-13UA.?3223 
-151il.lSlUl 
-1312.17081 
-1314.7"l?1;6 
-1316.51514 
-13lA.94042 
-r.vi.2683n 
-1 w3.74915 
-1JZ5.433~~ 
-1J23.17137 
-1332.51348 
-1334.'36003 
-133A.01154 
-134l.lbMl5 
-1344.43028 

l.UO~lUJ 
1.uono1 
1.00[!04 
1.uu!l10 
1.JuOt7 
1.003?5 
1.30535 
1.011144 
1.00754 
1.003s3 
1.floi171 
1.13037H 
1.00193 
L.OOJRT 
1.001Sd 
1.00137 
1.uun14 
1.nllll7:~ 
1.0016rl 
l .CU154 
1.110135 
l.lllJiiOt) 

.99371 

.99222 
.93356 
.L)JTbt! 

. Y9374 

.9J764 

.99355 

.9?741 

.85022 

= 5.750[1 
= 1.0000 
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